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Abstract
This paper is concerned with the initial-boundary value problem
for stochastic transport equations in bounded domains. For a given
stochastic perturbation of the drift vector field, we prove existence
and uniqueness of weak solutions with non-regular coefficients. The
existence of weak solutions relies strongly on the existence of strong
stochastic trace, and also on the passage from the Stratonovich into
Itoˆ’s formulation for bounded domains. Moreover, the uniqueness of
weak solutions is obtained under suitable conditions.
1 Introduction
A great deal of attention has recently been given to the study of stochastic
partial differential equations. We are interested in random description of
physical problems, where the probabilistic term appears as a perturbation of
the velocity vector field. In this direction, it was S. Ogawa [25] who initiated
the analysis of wave propagation in random media.
In this article we establish global existence and uniqueness of solutions
for the stochastic linear transport equations (SLTE for short) in bounded
domains. Namely, we consider the following initial-boundary value problem:
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Given a standard Brownian motion Bt = (B
1
t , ..., B
d
t ) in R
d, find u(t, x) ∈ R,
satisfying 

∂tu(t, x, ω) +
(
b(t, x) + σ
dBt
dt
(ω)
)
· ∇u(t, x, ω) = 0,
u|t=0 = u0, u|ΓT = ub,
(1.1)
with (t, x) ∈ UT := [0, T ] × U , where T > 0 is any fixed real number, U
is an open and bounded domain of Rd (d ∈ N), ω ∈ Ω is an element of
the probability space (Ω,P,F), and the stochastic integration is taken in the
Stratonovich sense. The parameter σ = 1 most of the time, and equals zero
when we talk about (1.1) in the deterministic case. Moreover, we denote by
Γ the C2-boundary of U , with the outside normal field to U at r ∈ Γ denoted
by n(r), and define ΓT := (0, T )× Γ.
Here, we assume that the initial and boundary data respectively u0, ub are
measurable and bounded functions with respect to the usual measures, that
is, Lebesgue (denoted by dx, or dξ, etc.) and Hausdorff (denoted by Hd−1(r)
or dr) tensor dt.
The vector field b : (0, T ) × Rd → Rd, called drift, satisfies the following
conditions: For any q > 2 and some non-negative functions α, γ ∈ L1loc(R),
b ∈ Lq((0, T );BVloc(R
d;Rd)), divb ∈ L1loc((0, T )× R
d), (1.2)
|b(t, x)| ≤ α(t), divb(t, x) ≤ γ(t). (1.3)
We follow Funaki [15] where the main tool to show existence of weak solutions
for regular-coefficients is a time reversed process (see Section 2.1), thus the
vector function b(t, ·) is defined in the all space Rd. In any case, if b(t, ·) is
just defined in U , then we may use an extension theorem for BV functions.
Finally, we assume q > 2 in order to use the machinery developed for the
Ladyzhenskaya-Prodi-Serrin condition (see [12, 13]), and the BV regularity
since we make use of commutators, in particular to show the existence of
strong stochastic trace.
Now, let us briefly recall that the problem (1.1) has been treated for the
case U = Rd by many authors, both for the deterministic and stochastic
cases, see for instance [1], [2], [3] [3] [9], [11], [14], [18], [21], [23]. DiPerna,
Lions in [9] (deterministic case) proved that W 1,1 spatial regularity of b(t, x)
(together with a condition of boundedness on the divergence) is enough to
ensure uniqueness of weak solutions. Moreover, they deduced the existence,
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uniqueness and stability results for ordinary differential equations with rough
coefficients from corresponding results on the associated linear transport
equation. Ambrosio in [2] following the same strategy in [9], but applying a
measure-theoretic framework, generalized the results to the case where the
coefficients have only bounded variation regularity by considering the con-
tinuity equation. Then, Flandoli, Gubinelli and Priola in [14] proved that,
the stochastic problem is better behaved than the deterministic one (the first
result in this direction). They obtained wellposedness of the stochastic prob-
lem for an Ho¨lder continuous drift term, with some integrability conditions
on the divergence.
The premiere researches of linear transport equations (deterministic case)
in bounded domains was done by Bardos [4]. In that extended paper, Bardos
considered the regular case (b has Lipschitz regularity), and established the
correct understanding of how the Dirichlet boundary condition should be
assumed, where the notion of the influx boundary zone is important, that is
Γ−T :=
{
(t, r) ∈ ΓT : (b · n)(t, r) < 0
}
. (1.4)
Then, we mention the work of Mischler [22], who considered weak solutions
for the Vlasov equation (instead of the transport equation) posed in bounded
domains. In that paper, the trace problem for linear transport type equations
is discussed in details. One observes that, if u is not sufficiently regular, in
particular we look for measurable and bounded solutions, the restriction to
negligible Lebesgue sets is not, a priori, defined. Therefore, one has to deal
with the traces theory to ensure the correct notion of the Dirichlet boundary
condition. In the same direction as Mischler [22], Boyer [6] established the
trace theorems with respect to the measure µ defined on ΓT as
dµ := (b · n) drdt, (1.5)
and showed the existence and uniqueness of solutions for the transport equa-
tion using the Sobolev framework of DiPerna, Lions [9]. More recently,
Crippa, Donadello, Spinolo [8] studied the initial-boundary value problems
for continuity equations with total bounded variation coefficients. We stress
that, there does not existe strong trace results for (deterministic) trans-
port equations with non-regular coefficients, see the counterexample given
by Neves, Panov and Silva in [24].
Let us now focus on the stochastic case. First, Funaki in [15] studied the
random transport equation in bounded domains with regular coefficients. To
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the knowledge of the authors, nothing has already been done for stochas-
tic transport equations in bounded domains for low regularity coefficients.
Actually, different from the deterministic setting, we could not use the idea
of the influx zone, where the boundary data is prescribed. The solutions
to (1.1) will be constructed via the idea of stopped backward process, see
(2.10), which was used in [15] and well explored by Constantin, Iyer [7],
related to Navier-Stokes equations in domains with boundaries, where the
velocity vector field has Lipschitz regularity.
In this article, we deal with the problem (1.1) and show the existence and
uniqueness of weak L∞-solutions for Dirichlet data. The initial-boundary
value problem is much harder to solve than the Cauchy one, for instance,
the solvability in the weak sense for the Cauchy problem is easily established
under the mild assumption of local integrability for b and divb, see [23]. On
the other hand, the existence result established here on bounded domains
relies strongly on the strong stochastic trace result obtained in Section 2.2,
that is to say, the trace of a distributional solution u of (1.1) is a function
γu ∈ L∞([0, T ]× Γ×Ω) (see Definition 2.6). It is also essential to prove the
existence the passage from the Stratonovich formulation (2.20) into Itoˆ’s one
(2.32), which is a completely new result.
The uniqueness result obtained in this paper does not assume that the
divergence of b is bounded (we have just assumed a boundedness from above).
Moreover, we only consider a boundedness of b with respect to the spatial
variable, see (1.3).
2 Existence of Weak Solutions
The main issue in this section is to establish the solvability of system (1.1).
We shall assume that b satisfies (1.2), (1.3), otherwise mentioned explicitly.
2.1 Preliminares and Background
◦ Weak solutions for regular coefficients
To begin, let us consider the random differential equation in Rd, that is
to say, given s ∈ [0, T ] and x ∈ Rd, we consider
Xs,t(x) = x+
∫ t
s
b(t′, Xs,t′(x)) dt
′ +Bt − Bs, (2.6)
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where Xs,t(x) = X(s, t, x) (also Xt(x) = X(0, t, x)). In particular, for m ∈ N
and 0 < α < 1, we assume
b ∈ L1((0, T ); (Cm,α(Rd;Rd)). (2.7)
It is well known that, under the above regularity of the drift vector field b,
the stochastic flow Xs,t is a C
m diffeomorphism (see for example [17, 18]).
Moreover, the inverse Ys,t := X
−1
s,t satisfies the following backward stochastic
differential equations,
Ys,t = y −
∫ t
s
b(t′, Yt′,t) dt
′ − (Bt − Bs), (2.8)
for 0 ≤ s ≤ t. Usually, Y is called the time reversed process of X . Then,
given (t, x) ∈ UT and the time reversed process Ys,t, we consider the set
S = {s ∈ [0, t]/ Y (s, t, x) /∈ UT} and define
κ(t, x, ω) := supS. (2.9)
Clearly S could be an empty set, and in this case we set κ = 0.
To follow, we define Y¯s,t on U¯ as
Y¯s,t(x) := Ys,t(x) for s ∈ [κ, t], (2.10)
which is called a stopped backward process. Moreover, we define for each
(t, x) ∈ UT , the stochastic influx boundary zone, which is to say
Γin(ω) :=
{
Y¯κ,t(x); κ(t, x) > 0
}
,
and for convenience Γo := Γ \ Γin. Finally, we set
ni = (−χΓin) n, and n
o = (1− χΓin) n. (2.11)
From the above considerations, we may apply a straightforward compu-
tation (see conjointly Funaki [15], Theorem 3.1) to prove the following
Lemma 2.1. For m ≥ 3, 0 < α < 1, let u0 ∈ C
m,α(U), ub ∈ C
m,α(ΓT )
be respectively initial, boundary data satisfying compatibility conditions, and
assume (2.7). Then, the IBVP problem (1.1) has a weak (regular-coefficients)
L∞-solution u(t, .) for 0 ≤ t ≤ T , given by
u(t, x) :=
{
u0(Y¯κ,t(x)), if κ(t, x) = 0,
ub(κ, Y¯κ,t(x)), if κ(t, x) > 0,
(2.12)
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which satisfies: For each test function ϕ ∈ C∞c (R
d), the real value process∫
U
u(t, x)ϕ(x)dx has a continuous modification which is a Ft-semimartingale,
and for all t ∈ [0, T ], we have P-almost sure∫
U
u(t, x)ϕ(x)dx =
∫
U
u0(x)ϕ(x) dx+
∫ t
0
∫
U
u(s, x) bj(s, x) ∂jϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
γu(s, r)ϕ(r) bjnj drds
−
∫ t
0
∫
Γ
γu(s, r)ϕ(r)nj dr ◦ dB
j
s +
∫ t
0
∫
U
u(s, x) ∂jϕ(x) dx◦dB
j
s ,
(2.13)
where γun = uo n
o − ub n
i.
Remark 2.2. One remarks that, the trace of the solutions u(t, x) defined by
(2.12), say γu, makes sense (see Lemma 4.3 in [15]). Moreover, the boundary
data ub is assumed in (2.13) just on the stochastic influx boundary zone.
◦ Distributional solution
We begin considering in which sense a function u ∈ L∞(UT × Ω) is a
distributional solution to problem (1.1), more precisely we have the following
Definition 2.3. Let u0 ∈ L
∞(U) be given. A stochastic process u ∈ L∞(UT×
Ω) is called a distributional L∞−solution of the IBVP (1.1), when for each
test function ϕ ∈ C∞c (U), the real value process
∫
U
u(t, x)ϕ(x)dx has a con-
tinuous modification which is a Ft-semimartingale, and for all t ∈ [0, T ], we
have P-almost sure∫
U
u(t, x)ϕ(x)dx =
∫
U
u0(x)ϕ(x) dx+
∫ t
0
∫
U
u(s, x) bi(s, x)∂xiϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) ∂xiϕ(x) dx ◦dB
i
s.
(2.14)
Remark 2.4. Since distributional solutions and Cauchy problem can be treated
equivalently, following Flandoli, Gubinelli, Priola [14], see Lemma 13, we
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can reformulate equation (2.14) in Itoˆ’s form as follows: A stochastic pro-
cess u ∈ L∞(UT × Ω) is a distributional L
∞ solution of the SPDE (1.1) if,
and only if, for every test function ϕ ∈ C∞c (U), the process
∫
u(t, x)ϕ(x)dx
has a continuous modification, which is a Ft-semimartingale, and satisfies
the following Itoˆ’s formulation for all t ∈ [0, T ]∫
U
u(t, x)ϕ(x)dx =
∫
U
u0(x)ϕ(x) dx+
∫ t
0
∫
U
u(s, x) bi(s, x)∂xiϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) ∂xiϕ(x) dx dB
i
s +
1
2
∫ t
0
∫
U
u(s, x)∆ϕ(x) dxds.
(2.15)
Lemma 2.5. Under condition (1.2), (1.3), there exits a distributional L∞
solution u of the stochastic IBVP (1.1).
The proof of the above lemma follows the same arguments, with minor
modifications, as the one for the Cauchy problem, see Lemma 2.1 in Neves,
Olivera [23].
2.2 Strong Stochastic Trace
Now we prove the existence and uniqueness of the strong stochastic trace by
the existence of distributional L∞−solution of the IBVP (1.1).
Definition 2.6. Let u be a distributional L∞-solution of the IBVP problem
(1.1). A stochastic process γu ∈ L∞([0, T ] × Γ × Ω) is called the stochastic
trace of the distributional solution u, if for each test function ϕ ∈ C∞c (R
d),∫
Γ
γu(t, r)ϕ(r)dr is an adapted real value process, which satisfies for any
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β ∈ C2(R) and all t ∈ [0, T ]∫
U
β(u(t, x)) ϕ(x) dx =
∫
U
β(u0(x)) ϕ(x) dx
+
∫ t
0
∫
U
β(u(s, x)) b(s, x) · ∇ϕ(x) dxds
+
∫ t
0
∫
U
β(u(s, x)) div b(s, x)ϕ(x) dxds
−
∫ t
0
∫
Γ
β(γu)ϕ(r) b(s, r) · n(r) drds
+
∫ t
0
∫
U
β(u(s, x)) ∂xiϕ(x) dx ◦dB
i
s
−
∫ t
0
∫
Γ
β(γu)ϕ(r)ni(r) dr ◦dB
i
s.
(2.16)
Proposition 2.7. Assume condition (1.2), and let u be a distributional L∞-
solution of the IBVP problem (1.1). Then, there exits a unique stochastic
trace γu.
Proof. 1. Let u be a distributional solution of the transport equation (1.1),
and for each ε > 0 set uε(t, ·) the global approximation of u related to the
standard mollifier ρε (see Appendix). Let ψ ∈ C
∞
c (U) be a positive function,
and consider for any fixed y ∈ U
ϕ(x) = ψ(y) ρε(y + λ ε∇h(y)− x),
hence ϕ vanishes on the boundary Γ. Then, we take conveniently ϕ as a test
function in (2.14) to obtain
uε(t, y) = (u0 ∗n ρε)(y)
+
∫ t
0
∫
U
u(s, z) b(s, z) · ∇ρε(y
ε − z) dzds
+
∫ t
0
∫
U
u(s, z) div b(s, z) ρε(y
ε − z) dzds
+
∫ t
0
∫
U
u(s, z) ∂iρε(y
ε − z) dz ◦dBis.
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Let β ∈ C2(R), and applying Itoˆ-Ventzel-Kunita Formula (see Appendix),
we obtain from the above equation
β(uε(t, x)) = β(u0 ∗n ρε)(x)
+
∫ t
0
β ′(uε(s, x))
∫
U
u(s, z) b(s, z) · ∇ ρε(x
ε − z) dzds
+
∫ t
0
β ′(uε(s, x))
∫
U
u(s, z) divb(s, z) ρε(x
ε − z) dzds
+
∫ t
0
β ′(uε(s, x))
∫
U
u(s, z) ∂iρε(x
ε − z)dz ◦dBis.
Following the renormalization procedure, nowadays well known, we obtain
from an algebraic manipulation
β(uε(t, x))− β(u0 ∗n ρε)(x)
+
∫ t
0
b(s, x) · ∇β(uε(s, x)) ds+
∫ t
0
∂iβ(uε(s, x)) ◦dB
i
s
=
∫ t
0
β ′(uε(s, x))Rε(b, u)ds+
∫ t
0
∂iβ(uε(s, x)Pε(u) ◦ dB
i
s,
(2.17)
where Rε(b, u), Pε(u) are commutators type, defined respectively by
Rε(b, u) := (b∇)(ρε ∗n u)− ρε ∗n ((b∇)u),
Pε(u) := ∇(ρε ∗n u)− ρε ∗n (∇u).
2. Now, we show that {β(uε)} is a Cauchy sequence in L2([0, T ]×Γ×Ω).
For any ε1, ε2 > 0, setting wε1,2 = β(uε1) − β(uε2), we get from equation
(2.17)
wε1,2(t, x)− wε1,2(0, x)
+
∫ t
0
b(s, x) · ∇wε1,2(s, x) ds+
∫ t
0
∂iwε1,2(s, x) ◦ dB
i
s
=
∫ t
0
Rε1,2(b, u)ds+
∫ t
0
Pε1,2(u) ◦ dB
i
s,
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where
Rε1,2(b, u) = β
′(uε1)Rε1(b, u)− β
′(uε2)Rε2(b, u),
and
Pε1,2(u) = β
′(uε1)Pε1(u)− β
′(uε2)Pε2(bu).
Similarly to item 1, we apply in the above equation the Itoˆ-Ventzel-Kunita
Formula, now for β(z) = z2. Then, we obtain
|wε1,2(t, x)|
2 − |wε1,2(0, x)|
2
+
∫ t
0
b(s, x) · ∇w2ε1,2(s, x) ds +
∫ t
0
∂iw
2
ε1,2(s, x) ◦dB
i
s
= 2
∫ t
0
wε1,2Rε1,2(b, u)ds+ 2
∫ t
0
wε1,2Pε1,2(u) ◦dB
i
s.
Then, we multiply the above equation by a test function ϕ ∈ C∞c (R
d), and
integrating in U , we obtain∫
U
|wε1,2(t, x)|
2 ϕ(x) dx−
∫
U
|wε1,2(0, x)|
2 ϕ(x) dx
−
∫ t
0
∫
U
w2ε1,2(s, x) b(s, x) · ∇ϕ(x) dxds−
∫ t
0
∫
U
w2ε1,2(s, x) divb(s, x)ϕ(x) dxds
−
∫ t
0
∫
U
w2ε1,2(s, x) ∂iϕ(x) dx ◦ dB
i
s
+
∫ t
0
∫
Γ
w2ε1,2(s, r) b(s, r) · n(r)ϕ(r) drds+
∫ t
0
∫
Γ
w2ε1,2(s, r) ni(r)ϕ(r) dr◦dB
i
s
= 2
∫ t
0
∫
U
wε1,2Rε1,2(b, u)ϕ(x) dxds+ 2
∫ t
0
∫
U
wε1,2Pε1,2(u)ϕ(x) dx ◦dB
i
s
and taking covariation with respect to Bj , we have for each i = 1, . . . , d,
[
∫
U
|wε1,2(t, x)|
2 ϕ(x) dx,Bi]−
∫ t
0
∫
U
w2ε1,2(s, x) ∂iϕ(x) dxds
+
∫ t
0
∫
Γ
w2ε1,2(s, x) ni(r)ϕ(r) drds = 2
∫ t
0
∫
U
wε1,2Pε1,2(u)ϕ(x) dxds.
(2.18)
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Moreover, taking the expectation∫ t
0
∫
Γ
E|wε1,2(s, x)|
2 ni(r)ϕ(r) drds = −E[
∫
U
|wε1,2(t, x)|
2 ϕ(x) dx,Bi]
+
∫ t
0
∫
U
E|wε1,2(s, x)|
2 ∂iϕ(x) dxds+ 2
∫ t
0
∫
U
E[wε1,2 Pε1,2(u)]ϕ(x) dxds,
and also ϕ(x) = ∂ih(x) (see Appendix), we obtain∫ t
0
∫
Γ
E|wε1,2(s, x)|
2 drds = E[
∫
U
|wε1,2(t, x)|
2 ∂ih(x) dx,B
i]
−
∫ t
0
∫
U
E|wε1,2(s, x)|
2∆h(x) dxds
− 2
d∑
i=1
∫ t
0
∫
U
E[wε1,2 Pε1,2(u)] ∂ih(x) dxds.
Since β(uε) is uniformly bounded, converges to β(u) in L2([0, T ] × U × Ω),
and Pε1,2(u) converges to zero in L
1 (see similar results in [9], and [22]), it
follows that {β(uε)}ε>0 is a Cauchy sequence in L
2([0, T ] × Γ × Ω). Then,
there exists γ˜ ∈ L2([0, T ]×Γ×Ω), such that β(uε) converges to γ˜ as ε→ 0. In
particular, taking β(u) = u, there exists a subsequence of uε, which converges
almost sure on [0, T ]×Γ×Ω, which limit we denote by γu. We observe that∫
γu(t, r)dr is adapted since is the limit of adapted process.
3. Now, we show that γu ∈ L∞([0, T ]×Γ×Ω), and also (2.16). We denote
M = ‖u‖∞ and consider a non-negative β such that β(u) = 0 in [−M,M ].
Multiplying (2.17) by a test function ϕ ∈ C∞c (R
d), and after integration in
11
U we obtain∫
U
β(uε(t, x))ϕ(x) dx−
∫
U
β(uε(0, x))ϕ(x) dx
−
∫ t
0
∫
U
β(uε(s, x)) b(s, x) · ∇ϕ(x) dxds−
∫ t
0
∫
U
β(uε(s, x)) divb(s, x)ϕ(x) dxds
−
∫ t
0
∫
U
β(uε(s, x)) ∂iϕ(x) dx ◦ dB
i
s
+
∫ t
0
∫
Γ
β(uε(s, x)) b(s, r) · n(r)ϕ(r) drds+
∫ t
0
∫
Γ
β(uε(t, x)) ni(r)ϕ(r) dr ◦ dB
i
s
=
∫ t
0
∫
U
β ′(uε(t, x))Rε(b, u)ϕ(x) dxds+
∫ t
0
∫
U
β ′(uε(t, x))Pε(u)ϕ(x) dxdB
i
s.
(2.19)
Then, we pass to the limit as ε → 0, and similarly to (2.18), we take the
covariation with respect to Bj, to obtain∫ t
0
∫
Γ
β(γu(s, r)) ni(r)ϕ(r) drds = 0
for each i = 1, . . . , d, where we have used that β(u) = 0 in [−M,M ]. There-
fore, taking ϕ(x) = ∂ih(x) and since β > 0 in R \ [−M,M ], it follows that
γu(t, r, ω) ∈ [−M,M ] almost sure in [0, T ]× Γ× Ω.
Similar procedure to (2.19) may be establish now for any β ∈ C2, and then
we are allowed to pass to the limit as ε→ to obtain (2.16).
4. Finally, we show the uniqueness of the trace. If γ1u and γ2u are two
measurable and bounded functions satisfying (2.16), then we have for each
test function ϕ ∈ C∞0 (R
d) and β the identity function∫ t
0
∫
Γ
γ1uϕ(r) b(s, r) · n(r) drds+
∫ t
0
∫
Γ
γ1uϕ(r)ni(r) dr ◦dB
i
s
=
∫ t
0
∫
Γ
γ2uϕ(r) b(s, r) · n(r) drds+
∫ t
0
∫
Γ
γ2uϕ(r)ni(r) dr ◦dB
i
s.
Taking the covariation with respect to Bi, we obtain for each i = 1, . . . , d∫ t
0
∫
Γ
γ1uϕ(r)ni(r) dr ds =
∫ t
0
∫
Γ
γ2uϕ(r)ni(r) dr ds,
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from which follows the uniqueness of the trace, and hence the thesis of the
proposition.
2.3 Weak solutions for non-regular coefficients
In this section, we give the solvability of the stochastic initial-boundary value
problem (1.1) for measurable and bounded data. The great novelty here is
the passage from Stratonovich to Itoˆ’s formulation in bounded domains.
Definition 2.8. Let u0 ∈ L
∞(U), ub ∈ L
∞(ΓT ) be given. A stochastic
process u ∈ L∞(UT × Ω) is called a weak L
∞−solution of the IBVP (1.1),
when for each test function ϕ ∈ C∞c (R
d), the process
∫
U
u(t, x)ϕ(x)dx has a
continuous modification which is a Ft-semimartingale, and for all t ∈ [0, T ],
we have P-almost sure∫
U
u(t, x)ϕ(x)dx =
∫
U
u0(x)ϕ(x) dx+
∫ t
0
∫
U
u(s, x) bj(s, x) ∂jϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
uo(s, r)n
o
j b
j(s, r) ϕ(r) drds
+
∫ t
0
∫
Γ
ub(s, r)n
i
j b
j(s, r) ϕ(r) drds−
∫ t
0
∫
Γ
uo(s, r)n
o
j ϕ(r) dr ◦dB
j
s
+
∫ t
0
∫
Γ
ub(s, r) n
i
j ϕ(r) dr ◦ dB
j
s +
∫ t
0
∫
U
u(s, x) ∂jϕ(x) dx ◦dB
j
s .
(2.20)
Remark 2.9. Clearly, the term ni (also no) in (2.20) should be explained,
since the stochastic influx boundary zone, that is Γin(ω) was established for
regular drift vector field b. Indeed, under the assumption that b satisfies (1.2),
(1.3), we may follow Fedrizzi, Flandoli see [12, 13], and show the α-Ho¨lder
continuity of the stochastic flow Xs,t, for each α ∈ (0, 1). Also that, it is
a stochastic flow of homeomorphism. Then, we may consider the inverse
Ys,t := X
−1
s,t , and define κ > 0, Y¯ , and Γ
in(ω) as introduced in Section 2.1.
For convenience we extend the weak solution u ∈ L∞(UT × Ω) by setting
u(t, x, ω) ≡ 0, for all (t, x, ω) ∈ (R× U × Ω) \ (UT × Ω).
Then, we consider the following main general existence result.
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Theorem 2.10. Under condition (1.2), (1.3), there exits a weak L∞−solution
u ∈ L∞(UT × Ω) of the IBVP (1.1).
Proof. 1. For each ε > 0, let us denote by uε0, u
ε
b respectively the standard
mollifications of u0 and ub, satisfying compatibility conditions. Similarly, b
ε
the mollification of b. Let Xεt be the associated flow given by (2.6), and
define (see Lemma 2.1)
uε(t, x) :=
{
uε0(Y¯
ε
κε,t(x)), if κ
ε(t, x) = 0,
uεb(κ
ε, Y¯ εκε,t(x)), if κ
ε(t, x) > 0,
(2.21)
where κε > 0 is given by (2.9). Thus uε(t, x) is uniformly bounded, with
respect to ε > 0, and satisfies for each test function ϕ ∈ C∞c (R
d) and all
t ∈ [0, T ]∫
U
uε(t, x)ϕ(x) dx =
∫
U
uε0(x)ϕ(x) dx+
∫ t
0
∫
U
uε(s, x) bε(s, x) · ∇ϕ(x) dxds
+
∫ t
0
∫
U
uε(s, x) divbε(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r) bε · n drds
−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r)nj dr ◦dB
j
s +
∫ t
0
∫
U
uε(s, x) ∂jϕ(x) dx ◦dB
j
s ,
(2.22)
where γuε n = uε
o
noε − u
ε
b n
i
ε almost sure, with n
i
ε = (−χ{Y¯ ε/κε>0})n, and
analogously noε.
Claim 1: The family {κε}ε>0 converges to κ as ε→ 0 for almost all ω ∈ Ω,
and a.e. (t, x) ∈ UT .
Proof of Claim 1: Indeed, due to Remark 2.9 for a.e. (t, x) ∈ UT fixed, we
have that Y ε(s) converges to Y (s) as ε→ 0 uniformly over any closed interval
in [0, T ], where Y ε(s) ≡ Y ε(s, t, x), similarly Y (s). Hence given η > 0, there
exists a ε0 > 0 (which does not depend on s), such that if 0 < ε < ε0, then
|Y ε(s)− Y (s)| < η, (2.23)
which is to say, there exists a tubular neighborhood pi around Y (s) with
radius η > 0, such that, (s, Y ε(s)) ⊂ pi for any s ∈ (0, t), and ε < ε0. Now,
since the domain U has regular boundary, upon rotating and relabeling the
coordinates axes if necessary, we may locally represent the lateral boundary
[0, T ] × Γ by a graph, say Π. By definition, let κ > 0 be the first value of
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s such that, Y (s) ∈ Π. Analogously, κε > 0, such that Y ε(κε) ∈ pi ∩ Π.
Therefore, from (2.23)
lim
ε→0
κε(ω) = κ(ω).
This is clear (because of the uniform convergence) when the curve Y (s) cross
Π, but it may happens that Y (s) touch Π at some point, say Y (κ), and
the above convergence become false. Although, due to Brownian motion’s
property, the set of points where Y (s) is tangent to Π has probability zero
(recall that the Brownian motion is nowhere differentiable almost surely).
2. Now, we conveniently reformulate equation (2.22) in Itoˆ’s form. One
remarks that, differently from Remark 2.4 we have to deal with boundary
terms, which have never been done before in the literature. To begin, let us
consider the relation between Itoˆ and Stratonovich integrals in (2.22), that
is ∫ t
0
∫
U
uε(s, x) ∂jϕ(x) dx ◦dB
j
s =
∫ t
0
∫
U
uε(s, x) ∂jϕ(x) dx dB
j
s +
I1
2
, (2.24)
∫ t
0
∫
Γ
γuε(s, r)ϕ(r)nj(r) dr ◦dB
j
s =
∫ t
0
∫
Γ
γuε(s, r)ϕ(r)nj(r) dr dB
j
s +
I2
2
,
(2.25)
where
I1 :=
[∫
U
uε(., x) ∂jϕ(x) dx,B
j
(.)
]
t
, I2 :=
[∫
Γ
γuε(., r)ϕ(r)nj(r) dr, B
j
(.)
]
t
,
and [., .]t denotes the joint quadratic variation, which is a bounded variation
term (see Appendix for more details). In fact, we compute these two joint
quadratic variations above, from equation (2.22) with special test functions,
and observe that, only the martingale part have to be considered.
To compute I1, we replace ϕ in (2.22)–(2.25) by ∂jϕ. Then, for each
j = 1, . . . , d, the martingale part of
∫
U
uε(t, x) ∂jϕ(x) dx is∫ t
0
∫
U
uε(s, x) ∂i
(
∂jϕ(x)
)
dx dBis −
∫ t
0
∫
Γ
γuε(s, r) ∂jϕ(r)ni(r) dr dB
i
s.
Thus, we have
I1 =
∫ t
0
∫
U
uε(s, x) ∂2jϕ(x) dx ds−
∫ t
0
∫
Γ
γuε(s, r) ∂jϕ(r)nj(r) drds. (2.26)
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Now, we compute I2. Similarly, we replace ϕ(x) in equation (2.22)–(2.25) by
ϕ(x) ∂jζµ(h(x)) as a test function, where for µ > 0, ζµ : R→ [−1, 1] is given
by
ζµ(τ) :=


sgn τ, if |τ | > µ,
τ
µ
, if |τ | ≤ µ,
with h(x) the given function at the Appendix. Certainly, we have to mollify
ζµ by a standard mollifier ρn to have the necessary regularity, and then first
pass to the limit as n→∞ (we omit this standard procedure). To begin, we
consider the left hand side of (2.22), then we pass to the martingale terms
in the right hand side of it.
Claim 2: For each t ∈ [0, T ], and j = 1, . . . , d, it follows that
ess lim
µ→0+
∫
U
uε(t, x) ϕ(x) ∂jζµ(h(x))dx = −
∫
Γ
γuε(t, r)ϕ(r)nj(r) dr, (2.27)
for each test function ϕ ∈ C∞c (R
d).
Proof of Claim 2: Fix any point r ∈ Γ. Then, since Γ is C2, there exists
a neighbourhood W of r in Rd, an open set V ⊂ Rd−1 and a C2 mapping
ζ : V → Γ ∩W , which is a C1−diffeomorphism. Let Ψτ : [0, 1]× Γ → U be
an admissible deformation (see Appendix), and recall that
lim
τ→0
J [Ψτ ◦ ζ ] = J [ζ ] in C(V ),
where JΨτ denotes the Jacobian of the map Ψτ . Now, we set Υ = Γ ∩W ,
Υτ = Ψτ (Υ), and consider ϕ ∈ E, where E is a countable dense subset of
C∞c (W ). Therefore, applying the Coarea Formula for the function h, we have
for each t ∈ [0, T ] and µ > 0 (sufficiently small)∫
U∩W
uε(t, x)ϕ(x) ∂jζµ(h(x)) dx = −
∫ µ
0
∫
Υτ
uε(t, r) ϕ(r) ζ ′µ(τ) n
τ
j (r) drdτ
= −
1
µ
∫ µ
0
∫
Υτ
uε(t, r) ϕ(r) nτj (r) drdτ.
(2.28)
The goal now is to pass to the limit as µ → 0+, consequently as τ → 0+.
First we apply the Area Formula for Ψτ in the right hand side of the above
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equation. Indeed, observing that we may replace ϕ(r) by ϕ(Ψ−1τ (r)), similarly
nτ (r) by n(Ψ−1τ (r)), with an error that goes to zero as τ → 0
+, we have∫ µ
0
∫
Υτ
uε(t, r) ϕ(Ψ−1τ (r)) nj(Ψ
−1
τ (r)) drdτ
=
∫ µ
0
∫
Υ
uε(t,Ψτ (r)) ϕ(r) nj(r) J [Ψτ ] drdτ,
(2.29)
where J [Ψτ ] is defined by
J [Ψτ ](r) :=
J [Ψτ ◦ ζ ](ζ
−1(r))
J [ζ ](ζ−1(r))
,
and satisfies J [Ψτ ] → 1 uniformly as τ → 0. Passing to the limit as µ → 0,
we obtain from (2.28), (2.29)
ess lim
µ→0+
∫
U∩W
uε(t, x) ϕ(x) ∂jζµ(h(x))dx
= − ess lim
µ→0+
( 1
µ
∫ µ
0
∫
Υ
uε(t,Ψτ (r)) ϕ(r) nj(r) J [Ψτ ] drdτ
)
= −
∫
Υ
γuε(t, r)ϕ(r)nj(r) dr
for each test function ϕ ∈ C∞c (W ), where we used the density of E in C
∞
c (W ),
the Dominated Convergence Theorem, and Remark 2.2.
Finally, since Γ is a compact set, we can applying a standard partition
of unity argument, exchange U ∩W , Υ respectively by U , Γ in the previous
steps, which is to say, consider the general case. So the claim is proved.
Henceforth, this standard procedure of partition of unity, applied above,
is considered implicitly.
Now, let us study for j = 1, . . . , d,∫ t
0
∫
U
uε(s, x) ∂i
(
ϕ(x) ∂jζµ(h(x))
)
dxdBis
−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r) ∂jζµ(h(r))ni(r) dr dB
i
s,
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or after some computations∫ t
0
∫
U
uε(s, x) ∂iϕ(x) ζ
′
µ(h(x)) ∂jh(x) dxdB
i
s
+
∫ t
0
∫
U
uε(s, x) ϕ(x) ζ ′µ(h(x)) ∂i∂jh(x) dxdB
i
s
+
∫ t
0
∫
U
uε(s, x) ϕ(x) ζ ′′µ(h(x)) ∂ih(x) ∂jh(x) dxdB
i
s
−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r) ζ ′µ(0) ∂j(h(r))ni(r) dr dB
i
s.
Therefore, taking the variation in the above terms, we obtain∫ t
0
∫
U
uε(s, x) ∂iϕ(x) ζ
′
µ(h(x)) ∂ih(x) dxds
+
∫ t
0
∫
U
uε(s, x) ϕ(x) ζ ′µ(h(x)) ∂
2
i h(x) dxds
+
∫ t
0
∫
U
uε(s, x) ϕ(x) ζ ′′µ(h(x)) |∂ih(x)|
2 dxds
−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r) ζ ′µ(0) ∂ih(r)ni(r) dr ds
=: J1 + J2 + J3 − J4,
(2.30)
with obvious notations.
Claim 3: For each t ∈ [0, T ], and all test functions ϕ ∈ C∞c (R
d), it follows
that:
i) ess lim
µ→0+
J1 = −
∫ t
0
∫
Γ
γuε(s, r)∇ϕ(r) · n(r) drds,
ii) ess lim
µ→0+
J2 = (d− 1)
∫ t
0
∫
Γ
γuε(s, r)ϕ(r)H(r) drds,
iii) ess lim
µ→0+
(J3 − J4) = 0,
(2.31)
where H is the mean curvature of Γ.
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Proof of Claim 3: Assertion (i) and (ii) follow similarly to the proof of
Claim 2. Thus, let us show item (iii). Moreover, as mentioned before we
omit the localization procedure and the partition of unit argument. Applying
the Coarea Formula for the function h, and then the Area Formula for the
map Ψτ , we have
ess lim
µ→0+
(J3 − J4)
= ess lim
µ→0+
(
−
1
µ
∫ t
0
∫
U
uε(s, x) ϕ(x) δµ(h(x)) |∂ih(x)|
2 dxds
+
1
µ
∫ t
0
∫
Γ
γuε(s, r) ϕ(r) |∂ih(r)| drds
)
= ess lim
µ→0+
(
−
1
µ
∫ t
0
∫ µ
0
∫
Γτ
uε(s, r) ϕ(r) δµ(τ) |∂ih(r)| drdτds
+
1
µ
∫ t
0
∫ µ
0
∫
Γ
uε(s,Ψτ(r)) ϕ(Ψτ (r)) δ0(τ) |∂ih(Ψτ (r))|J [Ψτ ] drdτds
)
= ess lim
µ→0+
1
µ
∫ t
0
∫ µ
0
∫
Γ
uε(s,Ψτ(r)) ϕ(Ψτ (r)) (δ0 − δµ) |∂ih|J [Ψτ ] drdτds = 0,
where δµ is the (approaching sequence) Dirac measure concentrated at µ, and
we have used the Dominated Convergence Theorem. Therefore, the proof of
Claim 3 is finished.
We are ready to write equation (2.22) in the equivalent Itoˆ’s form (bounded
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domains), that is∫
U
uε(t, x)ϕ(x)dx =
∫
U
uε0(x)ϕ(x) dx+
∫ t
0
∫
U
uε(s, x) bε(s, x) · ∇ϕ(x) dxds
+
∫ t
0
∫
U
uε(s, x) div bε(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r) bε · n drds
−
∫ t
0
∫
Γ
γuε(s, r)ϕ(r)nj(r) drdB
j
s −
∫ t
0
∫
Γ
γuε(s, r)∇ϕ(r) · n(r) drds
+
(d− 1)
2
∫ t
0
∫
Γ
γuε(s, r)ϕ(r)H(r) drds
+
∫ t
0
∫
U
uε(s, x) ∂jϕ(x) dxdB
j
s +
1
2
∫ t
0
∫
U
uε(s, x)∆ϕ(x) dxds.
(2.32)
4. Limit transition. Since the family {uε} by our construction given by
Lemma 2.1 is uniformly bounded up to the boundary, there exists a function
u ∈ L∞(UT × Ω), the weak-star limit of u
ε as ε→∞, such that the process∫
U
u(t, x)ϕ(x)dx is adapted, since it is the weak limit in L2([0, T ] × Ω) of
adapted processes, see [26] Chapter III. Analogously, there exists a function
uΓ ∈ L
∞([0, T ]× Γ × Ω), which is the weak-star limit of γuε, such that the
process
∫
Γ
uΓ(t, r)ϕ(r)dr is adapted, since, passing to the limit as as ε → 0
in (2.32), we have∫
U
u(t, x)ϕ(x)dx =
∫
U
u0(x)ϕ(x) dx+
∫ t
0
∫
U
u(s, x) b(s, x) · ∇ϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
uΓ(s, r)ϕ(r) b · n drds
−
∫ t
0
∫
Γ
uΓ(s, r)ϕ(r)nj(r) drdB
j
s −
∫ t
0
∫
Γ
uΓ(s, r)∇ϕ(r) · n(r) drds
+
(d− 1)
2
∫ t
0
∫
Γ
uΓ(s, r)ϕ(r)H(r) drds
+
∫ t
0
∫
U
u(s, x) ∂jϕ(x) dxdB
j
s +
1
2
∫ t
0
∫
U
u(s, x)∆ϕ(x) dxds,
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or equivalently∫
U
u(t, x)ϕ(x)dx =
∫
U
u0(x)ϕ(x) dx+
∫ t
0
∫
U
u(s, x) bj(s, x) ∂jϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
uΓ(s, r) b · n ϕ(r) drds
−
∫ t
0
∫
Γ
uΓ(s, r)nj ϕ(r) dr ◦dB
j
s +
∫ t
0
∫
U
u(s, x) ∂jϕ(x) dx ◦dB
j
s .
(2.33)
5. Finally we show (2.20). First, we observe that u is also a distribu-
tional L∞−solution of (1.1). Then, from equation (2.16) with β(z) = z and
equation (2.33), we have∫ t
0
∫
Γ
γu(s, r)ϕ(r) b · n drds+
∫ t
0
∫
Γ
γu(s, r)ϕ(r)nj dr ◦dB
j
s
=
∫ t
0
∫
Γ
uΓ(s, r)ϕ(r) b · n drds+
∫ t
0
∫
Γ
uΓ(s, r)ϕ(r)nj dr ◦dB
j
s .
(2.34)
Therefore, taking covariation with respect to Bj , we obtain for j = 1, . . . , d∫ t
0
∫
Γ
γu(s, r)ϕ(r)nj dr ds =
∫ t
0
∫
Γ
uΓ(s, r)ϕ(r)nj dr ds,
which is to say, γu = uΓ almost sure. Consequently, from the uniqueness
of the limit and Claim 1, it follows that γun = uo n
o − ub n
i, which shows
(2.20), and the theorem is proved.
3 Uniqueness
In this section, we present the uniqueness theorem for the SPDE (1.1). We
prove uniqueness following the concept of renormalized solutions introduced
by DiPerna, Lions. The BV framework is the one adopted in the sequel,
where we make extensive use of the ideas from [2].
Lemma 3.1. Assume condition (1.2). Let u be a distributional L∞-solution
of the stochastic IBVP (1.1), and define v := E(β(u)) for any β ∈ C2(R).
Then, for each u0 ∈ L
∞(U) the function v(t, x) satisfies
∂tv(t, x) + b(t, x) · ∇v(t, x) =
1
2
∆v(t, x) in D′([0, T )× U). (3.35)
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Proof. 1. For ε > 0, we define Uε := {x ∈ U : dist(x, ∂U) > ε}. Let φε be a
standard symmetric mollifier (with support on a ball of radius less than ε),
and u a distributional L∞-solution of (1.1). Then, for each t ∈ [0, T ], and
x ∈ Uε taking φε as a test function in (2.14), we obtain
uε(t, x) ≡
∫
U
u(t, z)φε(x− z)dz = u0 ∗ φε(x)
+
∫ t
0
∫
U
u(s, z) bi(s, z) ∂iφε(x− z) dzds
+
∫ t
0
∫
U
u(s, z) divb(s, z)φε(x− z) dzds
+
∫ t
0
∫
U
u(s, z) ∂iφε(x− z) dz ◦ dB
i
s.
For β ∈ C2(R), we apply the Itoˆ-Ventzel-Kunita formula (see Theorem 8.3
of [17] in the above equation, hence we have
β(uε(t, x)) = β(u0 ∗ φε(x))
+
∫ t
0
β ′(uε(s, x))
∫
U
u(s, z) bi(s, z) ∂iφε(x− z) dzds
+
∫ t
0
β ′(uε(s, x))
∫
U
u(s, z) divb(s, z)φε(x− z) dzds
+
∫ t
0
β ′(uε(s, x))
∫
U
u(s, z) ∂iφε(x− z) dz ◦ dB
i
s.
(3.36)
2. Now it becomes clear our strategy, which follows the renormalization
procedure. Then, we take a test function ϕ ∈ C∞c (U), multiply equation
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(3.36) by it, and integrate in U to obtain∫
U
β(uε(t))ϕdx =
∫
U
β(u0 ∗ φε(x))ϕ(x) dx
+
∫ t
0
∫
U
∫
U
β ′(uε(s, x))u(s, z) b
i(s, z) ∂iφε(x− z)ϕ(x) dzdxds
+
∫ t
0
∫
U
∫
U
β ′(uε(s, x))u(s, z) divb(s, z)φε(x− z)ϕ(x) dzdxds
+
∫ t
0
∫
U
∫
U
β ′(uε(s, x))u(s, z) ∂iφε(x− z)ϕ(x) dzdx ◦ dB
i
s,
where we have used Fubini’s Stochastic Theorem, see for instance [27]. Since
φε is a symmetric mollifier, from an algebraic convenient manipulation and
integration by parts, we obtain∫
U
β(uε(t))ϕdx−
∫
U
β(u0 ∗ φε(x))ϕ(x) dx
−
∫ t
0
∫
U
β(uε(s, x)) b
i(s, x) ∂iϕ(x) dxds
−
∫ t
0
∫
U
β(uε(s, x)) divb(s, x)ϕ(x) dxds
−
∫ t
0
∫
U
β(uε(s, x)) ∂iϕ(x) dx ◦ dB
i
s =
∫ t
0
∫
U
β ′(uε(s, x))ϕ(x)Rε(b, u) dxds,
(3.37)
where Rε(b, u) is the commutator defined as
Rε(b, u) = (b∇)(φε ∗ u)− φε ∗ ((b∇)u).
One remarks that, the commutator above is similar to that one used by
DiPerna, Lions in [9]. Moreover, by the regularity assumptions on b and u,
applying the Commuting Lemma (see [2] or Theorem 9 of [1]), it follows that
lim
ε→0
Rε(b, u) = 0, P a.s in L
1([0, T ];L1loc(R
d)).
Therefore, since u is measurable and bounded, uε converges to u in L
1
loc, we
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obtain from (3.37) passing to the limit as ε→ 0∫
U
β(u(t, x))ϕ(x) dx =
∫
U
β(u0(x))ϕ(x) dx
+
∫ t
0
∫
U
β(u(s, x)) bi(s, x) ∂iϕ(x) dxds
+
∫ t
0
∫
U
β(u(s, x)) divb(s, x)ϕ(x) dxds
+
∫ t
0
∫
U
β(u(s, x)) ∂iϕ(x) dx ◦ dB
i
s,
(3.38)
where we have used the Dominated Convergence Theorem.
3. Recall Remark 2.4 and taking the expectation, it follows from (3.38)
that, the function v(t, x) = E(β(u(t, x))) satisfies∫
U
v(t, x)ϕ(x) dx =
∫
U
β(u0(x))ϕ(x) dx
+
∫ t
0
∫
U
v(s, x) bi(s, x) ∂iϕ(x) dxds
+
∫ t
0
∫
U
v(s, x) divb(s, x)ϕ(x) dxds
+
1
2
∫ t
0
∫
U
v(s, x)∆ϕ(x) dxds.
Finally, for ζ ∈ C∞c ([0, T )) we multiply the above equation by ζ
′(t), and
integrating in [0, T ), we obtain that∫ T
0
∫
U
v(t, x) ζ ′(t)ϕ(x) dxdt = −
∫
U
β(u0(x)) ζ(0)ϕ(x) dx
−
∫ T
0
∫
U
v(s, x) bi(t, x) ζ(t)∂iϕ(x) dxdt
−
∫ T
0
∫
U
v(t, x) divb(t, x) ζ(t)ϕ(x) dxdt
−
1
2
∫ T
0
∫
U
v(t, x) ζ(t)∆ϕ(x) dxdt.
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Since finite sums of function ζi(t)ϕi(x), (ζi ∈ C
∞
c ([0, T )), ϕi ∈ C
∞
c (U)) are
dense in the space of test functions D([0, T ) × U), the thesis of the lemma
follows by a standard density argument.
Next, we pass to the uniqueness theorem.
Theorem 3.2. Let b be a drift vector field satisfying conditions (1.2), (1.3).
If u, v ∈ L∞(UT ×Ω) are two weak L
∞−solutions of the IBVP (1.1), with the
same initial-boundary data u0 ∈ L
∞(U), ub ∈ L
∞(ΓT ), then u ≡ v almost
sure in UT × Ω.
Proof. 1. First, by linearity it is enough to show that, a weak L∞−solution
of the IBVP (1.1), say u(t, x), with initial-boundary condition u0 = 0 and
ub = 0 vanishes identically. Since u is a weak solution, for each ϕ ∈ C
∞
c (R
d),
and t ∈ [0, T ], we have∫
U
u(t, x)ϕ(x)dx =
∫ t
0
∫
U
u(s, x) b · ∇ϕ(x) dxds
+
∫ t
0
∫
U
u(s, x) div b(s, x)ϕ(x) dxds−
∫ t
0
∫
Γ
γu(s, r)ϕ(r) b · n drds
−
∫ t
0
∫
Γ
γu(s, r)ϕ(r)nj dr ◦dB
j
s +
∫ t
0
∫
U
u(s, x) ∂xjϕ(x) dx ◦dB
j
s ,
(3.39)
where γun = uo n
o, since ub = 0. In particular, taking ϕ ∈ C
∞
c (U), it
follows that u is a distributional L∞-solution of the stochastic IBVP (1.1).
Then, we may extended u(t, x) by zero for x ∈ Rd \U , and apply Lemma 3.1
to obtain, for all ψ ∈ C∞c ([0, T )× R
d), and any β ∈ C2(R), with β(0) = 0,
that v(t, x) = E(β(u(t, x))) satisfies
∫ T
0
∫
Rd
v(t, x) ∂tψ(t, x) dxdt = −
∫ T
0
∫
Rd
v(t, x) bi(t, x) ∂iψ(t, x) dxdt
−
∫ T
0
∫
Rd
v(t, x) divb(t, x)ψ(t, x) dxdt
−
1
2
∫ T
0
∫
Rd
v(t, x)∆ψ(t, x) dxdt.
(3.40)
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2. Consider by condition (1.3) a non-negative function α ∈ L1loc(R) such
that, |b(t, x)| ≤ α(t) almost everywhere. Then, for each θ > 0 by Lusin’s
Theorem (see Evans-Gariepy [10], Section 1.2), there exists a compact set
Iθ ⊂ [−2T, 2T ], such that, H
1([−2T, 2T ] − Iθ) < θ and α|Iθ =: αθ is a
non-negative continuous function. Thus, we define kθ := maxt∈Iθ αθ(t).
The main issue is to consider a non-negative function ϕ(t, x) with compact
support, which satisfies
∂tϕ(t, x) + kθ |∇ϕ(t, x)|+
1
2
∆ϕ(t, x) ≤ 0. (3.41)
Fix t0 ∈ [0, T ] and choose a non-negative function ζ ∈ C
∞
c ([0,∞)), such that
ζ ′ ≤ 0, 0 ≤ ζ ′′ ≤
−ζ ′
R
,
where R > 0 is the diameter of the support of ζ . Then, we define
ϕ(t, x) := ζ(kθ|t− t0|+ |x|),
and observe that (3.41) is satisfied for a.e. (t, x) ∈ (−∞, t0)× R
d.
Now, let χ ∈ C∞c
(
[0, 2T )
)
be a non-negative test function. Then, taking
ψ(t, x) = χ(t)ϕ(t, x) in (3.40) we have
∫ T
0
∫
Rd
v(t, x)χ′(t)ϕ(t, x) dxdt
= −
∫ T
0
∫
Rd
v(t, x)χ(t)
(
∂tϕ(t, x) + b(t, x) · ∇ϕ(t, x) +
1
2
∆ϕ(t, x)
)
dxdt
−
∫ T
0
∫
Rd
v(t, x) divb(t, x)χ(t)ϕ(t, x) dxdt
≥ −
∫
[0,T ]∩Ic
θ
∫
Rd
v(t, x)χ(t)
(
∂tϕ(t, x) + α(t)|∇ϕ(t, x)|+
1
2
∆ϕ(t, x)
)
dxdt
−
∫ T
0
∫
Rd
v(t, x) γ(t)χ(t)ϕ(t, x) dxdt,
(3.42)
where we have used (1.3) and the above assumptions on ϕ. Hence we take
χ(t) be the characteristic function of the interval [δ, t0 − δ] for any δ > 0
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(sufficiently small). Therefore, passing to the limit as δ → 0 and also θ→ 0,
we obtain from equation (3.42)
∫
Rd
v(t, x)ϕ(t, x) dx ≤
∫ T
0
γ(t)
∫
Rd
v(t, x)ϕ(t, x) dxdt.
Applying the Gronwall Inequality, we obtain that v(t, x) = 0 a.e. Thus taking
β(z) = z2, we conclude that u = 0 almost sure in UT × Ω.
3. Finally, since u = 0 almost sure in UT × Ω, it follows from (3.39) for
any test function ϕ ∈ C∞c (R
d), and all t ∈ [0, T ]∫ t
0
∫
Γ
γu(s, r)ϕ(r) b · n drds+
∫ t
0
∫
Γ
γu(s, r)ϕ(r)ni dr ◦ dB
i
s = 0. (3.43)
Therefore, taking the covariation with respect to Bj , we obtain∫ t
0
∫
Γ
γu(s, r)ϕ(r)nj drds = 0, (∀j = 1, . . . , d),
which implies that γu = 0 almost sure in [0, T ]× Γ× Ω.
4 Appendix
At this point we fix some notation and material used through of this paper.
Let us fix a stochastic basis with a d-dimensional Brownian motion(
Ω,F, {Ft : t ∈ [0, T ]},P, (Bt)
)
.
Then, we recall to help the intuition, the following definitions
Itoˆ:
∫ t
0
XsdBs = lim
n→∞
∑
ti∈pin,ti≤t
Xti(Bti+1∧t − Bti),
Stratonovich:
∫ t
0
Xs ◦ dBs = lim
n→∞
∑
ti∈pin,ti≤t
(Xti+1∧t +Xti)
2
(Bti+1∧t −Bti),
Covariation: [X, Y ]t = lim
n→∞
∑
ti∈pin,ti≤t
(Xti+1∧t −Xti)(Yti+1∧t − Yti),
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where pin is a sequence of finite partitions of [0, T ] with size |pin| → 0 and
elements 0 = t0 < t1 < . . .. The limits are in the sense of probability,
and uniformly in time on compact intervals. Details about these facts can
be found in Kunita [17]. Also we address from that book, Itoˆ’s formula,
the chain rule for the stochastic integral, for any continuous d-dimensional
semimartingale X = (X1, X2, . . . , Xd), and twice continuously differentiable
and real valued function f on Rd.
Let U ⊂ Rn be an open set, and Γ its boundary. A map Ψ : [0, 1]×Γ→ U
is said an admissible deformation, when satisfies the following conditions:
(1) For all r ∈ Γ, Ψ(0, r) = r.
(2) The derivative of the map [0, 1] ∋ τ 7→ Ψ(τ, r) at τ = 0 is not orthogo-
nal to n(r), for each r ∈ Γ.
Moreover, for each τ ∈ [0, 1], we denote: Ψτ the mapping from Γ to U , given
by Ψτ (x) := Ψ(τ, x); Γ
τ = Ψτ (Γ); n
τ the unit outward normal field in Γτ . In
particular, n0(r) = n(r) is the unit outward normal field in Γ.
Now, we define a level set function h associated with the deformation Ψτ .
For δ > 0 sufficiently small we define
h(x) :=
{
min{τ, δ}, if x ∈ U,
−min{τ, δ}, if x ∈ Rn \ U.
The function h(x) is Lipschitz continuous in Rn, and C2 on the closure of
{x ∈ Rn : |h(x)| < δ}, see Gilbarg, Trudinger [16], p. 355.
Given a function f ∈ L1(U), we recall the global approximation by smooth
functions, that is, fε ∈ L
1(U) ∩ C∞(U), such that, fε → f in L
1, see Evans,
Gariepy [10] Chapter 4.2, Theorem 1 and Theorem 3. In fact, this result
follows from a convenient modification of the standard mollification of f
by a standard (symmetric) mollifier ρ, that is a positive radial and regular
function with compact support in Rd, such that
∫
ρ(x)dx = 1. For each ε > 0,
we define ρε(x) := ε
−dρ(x
ε
). For convenience, that is to fix the notation, let
us give the main idea. For any ε > 0 fixed, 0 ≤ δ ≤ ε, and y ∈ U , we define
yε := y + λ ε∇h(y),
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for λ > 0 sufficiently large. Then, we take a standard mollifier ρε, and for
any u ∈ L1loc(UT ), we define the following (space) global approximation
uε(t, y) ≡ (u ∗n ρε)(t, y) :=
∫
U
u(t, z)ρε(y
ε − z) dz.
Therefore, uε ∈ L
1
loc([0, T ];C
∞(U)) and converges to u in L1loc.
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